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ABSTRACT 

Recent efforts to classify representations of supersymmetry with no central 
charge [1] have focused on supermultiplets that are aptly depicted by Adinkras, 
wherein every supersymmetry generator transforms each component field into 
precisely one other component field or its derivative. Herein, we study gauge- 
quotients of direct sums of Adinkras by a supersymmetric image of another 
Adinkra and thus solve a puzzle from Ref. [2] : The so-defined supermultiplets do 
not produce Adinkras but more general types of supermultiplets, each depicted 
as a connected network of Adinkras. Iterating this gauge-quotient construction 
then yields an indefinite sequence of ever larger supermultiplets, reminiscent of 
Weyl's construction that is known to produce all finite-dimensional unitary rep- 
resentations in Lie algebras. 

PACS: 1 1 . 30 . Pb, 12 . 60 . Jv Program construction consists of 

a sequence of refinement steps. 

— Niklaus Wirth 

1 Introduction, Results and Summary 

In recent efforts to classify off-shell representations of A^-extended worldline supersymmetry with 
no central charge, Refs. [3,2,4,5,6,7,8,9,1] developed a detailed classification of a huge class 
(~ 10 12 for N < 32) of such supermultiplets, wherein each supercharge maps each component 
field to precisely one other component field or its derivative, and which are faithfully represented 
by graphs called Adinkras; see also Refs. [10,11,12,13,14,15,16] for related work. Refs. [2,8] also 
provide rigorous constructive theorems that relate Adinkras to standard superfield expressions, 
allowing us to toggle easily and without much special notice between these representations. 

Our motivation for focusing on worldline supersymmetry is threefold: (1) Supersymmetry 
in all higher-dimensional spacetime always contains worldline supersymmetry by way of dimen- 
sional reduction of spacetime to (proper or some coordinate) time. (2) The underlying theoretical 
framework for the description of the dynamics of extended objects such as M-theory includes 
worldline supersymmetry in a prominent way. Finally, (3) the Hilbert space of any supersym- 
metric field theory necessarily admits the action of an induced worldline supersymmetry. Any 



one of these theories would require off-shell fields for a self-consistently quantum formulation, 
perhaps using Feynman-Hibbs path integrals, which then provides our fundamental motivation 
for exploring the structure of off-shell representations of iV-extended worldline supersymmetry. 

Unlike the well-developed representation theory of Lie algebras, classification and construc- 
tive algorithms for off-shell supermultiplets are far from complete. Herein, we solve a puzzle 
raised in Ref. [2] , and show that this specifies an indefinite iterative construction of ever larger 
supermultiplets of iV-extended worldline supersymmetry without central charges, for all iV > 3. 
Conceptually, the construction is not unlike the Weyl construction of all finite-dimensional unitary 
representations of classic Lie algebras (by tensoring the fundamental representation and then pro- 
jecting through Young symmetrizations), but relies instead solely on supersymmetric reductions 
of direct sums of Adinkras — something not possible with representations of Lie algebras. 

In the remainder of this introduction, we specify the notation and conventions. Section 2 
then presents a detailed analysis of the quotient supermultiplet, representable in superfield nota- 
tion as Yj/(zD/X). In section 3, revisiting the indefinite sequence of supermultiplets constructed 
from Adinkras [2] in which Yj/(z"D/X) is the first nontrivial example allows formulating our main 
result. Finally, section 4 contains our summary of prospects and conclusions, while two appen- 
dices collect some technical details deferred from the main part. 

Worldline supersymmetry: As the simplest and (as it turns out) for our purposes nontrivial case, 
we focus on worldline (N = 3)-supersymmetry algebra 



{Q I ,Qj} = 25 IJ H, [if,Qj]=0, 
Qi = Qi, & = H, 



I,J= 1,2,3, (1) 



were H = id T is the worldline Hamiltonian. We also have the superderivatives J : 

{ Dj , Dj } = 25u H, [H,D,H, j 
D/ = -D 7 , {g / ,D J }=0, J 

and the relationships: 



Qi = zDj - 2i5 u J H, and Dj = -%Qi - 25 U 6 J H, (3) 

where 9 1 provide the fermionic extension to (space)time into superspace. Note, however, that 
when applied on superfields (general functions over superspace), the D/ act as left-derivatives 
while the Qi act as right-derivatives. Superfields are then used to represent supermultiplets, 
and component fields may then be defined as the 6 1 — > evaluation of appropriately chosen 
superderivative superfield expression [18] . In fact, supersymmetry transformation rules for the 
individual component fields may also be expressed using the D/s: 

Q/(6)=iD/B| and Qi(f) = — z'D/F|, (4) 

where B and F are appropriate superderivative superfield expressions defining the bosonic and 
fermionic differential expressions b := B| and / := F|, respectively. 



1 While not necessary, superspace methods incur no loss of generality [17] and we find them convenient. 
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Then, an off-shell worldline supermultiplet is a collection of bosons and fermions 



>i(r), . . . , m (r) | ^i(r), . . .,ip m >(r)). 



m 



m 



(5) 



such that each supercharge Qi transforms each boson into a linear combination of fermions 
and/or their r-derivatives and vice versa, and none of (4>i(T)\il>j(r)) are required to satisfy any 
differential equation. 

Adinkras: The classification of Refs. [3,2,4,5,6,7,8,9,1] then focuses on supermultiplets wherein 
each Qi transforms every component field into precisely one other component field or its r- 
derivative. The Q-action is then unambiguously depicted by the graphs called "Adinkras," fol- 
lowing the "dictionary" provided in table 1 [6] . The efficiency of this graphical encoding of the 



Table 1: Adinkras assign: (white/black) vertices to (boson/fermion) component fields; I th edge color 
to Qi; solid/dashed edge to ±1 signs in the right-hand side of the tabulated supersymmetry action; 
nodes are drawn at heights equal to the physical units of the depicted component (super)field. 
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The /-labeled edges may also be simply drawn in the 7 th color. 
Q-action becomes obvious already in the following two examples of N=2 supermultiplets: 



Qi <pi 


= Xh 


Ql ¥2 


= X2, 


QiXi 


= i<Pu 


Q1X2 


= ifc, 


Qi<f> 


= 


Q i ipi 


= ij>, 


Ql^2 


= iF, 


Qi F 


= 1p2, 




Qipi 


= X2, 


Q2<f2 


= -xi, 


QlXl 


= ~i<P2, 


Q2X2 


= i<f>i, 


Q2<\> 


= ^2, 


Q2^\ 


= -iF, 


Q2^2 


= ii, 


Q 2 F 


= —01, 



(6) 



(7) 



The red (green) edges depict the action of Q x (Q2), and it is fairly clear that a horizontal repo- 
sitioning of the nodes is irrelevant, while lowering the highest node in (7) produces a mapping 
from one to the other supermultiplet. Indeed, it is easy to see that the equations 



02, Ipl = Xl, ^2 = X2, 



(8) 



identify the supermultiplet (6) with (7). This isomorphism is however not local since its inverse 
requires setting (/^(r) = dr' F(r'), which depends on the values of F(t) globally over the 
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full [tq, t] -history of F(r) — with a completely arbitrary lower limit, r . The supermultiplets (6) 
and (7) must therefore be regarded as inequivalent — as their Adinkras indeed show. 

Wherever possible, we thus use the Adinkras to depict the corresponding Q-action within 
a supermultiplet rather than spell out all the equations, and will consequently also identify the 
supermultiplet with the Adinkra that depicts it. 

Other classification results obtained in Refs. [5,6,7,1] are less obvious: All Adinkras depicting 
supermultiplets of A^-extended worldline supersymmetry must be A^-dimensional hypercubes or 
iterated Z 2 -projections thereof, where all the Z 2 -projections are encoded by certain binary, error- 
detecting and error-correcting encryption codes. Ref. [7] reports that the number of possible 
supermultiplets grows combinatorially with N, and expects > 10 12 inequivalent Adinkras for 
N < 32 — and that's before taking into account the distinctions provided by the different height 
rearrangements of nodes. 

Although these numbers are very large, they are finite. Furthermore, they imply that no 
Adinkra has more than 2 N nodes, for any fixed number of supercharges N, and so puts an upper 
limit on the size of supermultiplets that are depictable by Adinkras. Since no non-abelian Lie 
algebra has an upper limit on the size of its unitary finite-dimensional representations, one expects 
the classification of Adinkras to be only a first step in classifying off-shell supermultiplets. 

The Puzzle: Ref. [2] noted that the supersymmetric gauge-quotient 

(M)/m - N 

where an Adinkra (6) has been gauged away from a direct sum (general linear combination) of 
two Adinkras (7) again has the structure of an Adinkra, the one depicted on the right-hand side 
of (9); this follows unambiguously simply from counting the degrees of freedom per engineering 
dimension, i.e., nodes per height. 

Ref. [2] also noted that the same construction is not as easily resolved already for N = 3. 
Counting of degrees of freedom now implies 3(1|3|3|1) — (3|4|1|0) = (0|5|8|3), which does not 
resolve if the gauge-quotient is 




(10) 



Gauge-quotients are most familiar in physics from electromagnetism, where the 4-vector gauge 
potential is defined only up to the gauge transformation, ~ + d^X. The Fourier transform 
of this indicates unambiguously that the component of A^ along the 4-momentum of the photon, 
is an unphysical degree of freedom. 

It is then more than a little peculiar that in the analogous gauge-quotient (10), the result 
is not as evidently and as unambiguously determined, but this question has been left open in 
Ref. [2] , and has remained unanswered since then. Notably, the quotient (10) is also but the first 
non-trivial step in an indefinite sequence of constructions; see the display (8.28) in Ref. [2] and 
the displays (28) and (29), below. 
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2 The Structure of the Gauge-Quotient Supermultiplet 

To flesh out the details of the construction (10), we need to introduce the two supermultiplets 
used therein (see appendix A), and we fix the number of supersymmetries at iV = 3. 

We will need a triple of intact 2 fermionic supermultiplets, shown in figure 1, where k 



1,2,3 




7X 




or simply 




Figure 1 : The k th fermionic intact supermultiplet, represented also by the superfield 
counts the three copies at the left-hand side of (10), and from which the Q-action 
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(11) 



may be read of. This supermultiplet coincides with the supermultiplet encoded by the standard 
fermionic superfield, Y k , as originally introduced by Salam and Strathdee [19], and is routinely 
used in supersymmetry texts [18,20,21,22] . We will also need a second supermultiplet, depicted 
in figure 2, graphically encoding the transformation rules 
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Figure 2: A supermultiplet represented by the superfield L/ := iDjX, for X a bosonic intact superfield 



Lj = zD/X : 
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(12) 



This supermultiplet is in fact a superderivative (iD/X) of a standard, intact bosonic superfield, X. 



2 Herein, "intact" is short for "unconstrained, ungauged, unprojected and otherwise unrestricted." 
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The Gauge-Quotient Armed with the transformations (11) and (12) and the corresponding super- 
field notation and calculus [18,20,21,22] , we are now in the position to compute 

(Yj/iD/X), i.e., Yj~Yj + (L7:=zDjX), or 5Y/ = L/. (13) 

where we have identified the values of k = 1, 2, 3 with the values of / = 1, 2, 3. The component 
fields (4 bosons + 4 fermions) of the supermultiplet Lj := (iD/X) are thus identified as the gauge 
parameters that can be used to eliminate some of the (linear combinations of the) 12 + 12 com- 
ponent fields in Y/. Notice the similarity between (13) and ~ + <9 M A in electromagnetism. 
The component-level content of the gauge transformation SYj = L/ is shown in table 2, along 
with the superderivatives used in the component projections. 



Table 2: The components of the gauge transformation 5Yj = Lf 



Proj.: 


<JYi 


= Li 


5Y 2 


= L 2 


5Y 3 


= L 3 


Proj.: 


SY X 


= Li 


SY 2 


= L 2 


6Y 3 


= L 3 


1: 




= Ai 




= A 2 




= A 3 


-iT>iD 2 : 




= -A 2 


5T 2 3 


= Ai 


<nr 3 3 


= -A 


-D x : 
-D 2 : 


5Y xl 

SY 12 
^13 


= L° 
= L 3 


SY 21 
SY 22 
SY 23 


= -L 3 
= L° 


5Y 31 
SY 32 
SY 33 


= L 2 
= -L 1 


iDiD 3 : 
-?D 2 D 3 : 


5Ti 2 


= A 3 
= -A 


ST 2 2 


= -A 
= -A 3 


5T 3 2 
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= A 2 


-D 3 : 


= -L 2 
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iDiD 2 D 3 : 


<0>i 


= -L 1 


sy 2 


= -L 2 


<0>3 


= -L 3 



The entries in the 1-row offer no freedom of choice in eliminations: 

A/ = —rii, whereby rji ~ 0. (14) 

This eliminates the lowest component fermions from the Yj/Lj gauge equivalence class. Applying 
this gauge also fixes all the "off-diagonal" higher-level fermions to appear only in the binomials: 

Ti 2 H- (Ti 2 -^) =: Tx 2 , Ti 3 H- (T^-hte) =: Ti 3 , T 2 3 h- (T, 3 -^) =: T 2 3 , (15a) 

T, 1 i ^ (TV-hfe) == T 2 \ T, 1 ^ (T, 1 -^) =: T 3 \ T 3 2 m- (T 3 2 +?7i) =: T 3 2 . (15b) 

This (intermediate) field redefinition reduces the components of (Yj/Lj) to the nine fermions 

"(T/-A) V T1 3 
(T 2 2 -A) T 2 3 

(T 3 3 -A)J 



T 2 1 
T 1 



T 2 



(16) 



and twelve bosons: 



(Y u +L°) 
(Y 12 +L*) 

(Yy 3 — L 2 ) 



(Y 21 -L 3 ) 
(Y 22 +L°) 
(Y^+L 1 ) 















(y2-t 2 ) 








(ys-L 3 ) 


J 



(17) 



(Y 31 +L 2 ) 
(Y^-L 1 ) 
(Y 33 +L°) 

We remain with a free choice of A, as well as L°, L 1 , L 2 , L 3 . These gauge parameters may be used 
to eliminate one linear combination each: 

a^^Vt/, L°^^ /7 r /7 , l 1 ^ J2 iIJKy JK- (is) 

I I I^J^K^I 

Among this continuum of gauge-choices, we focus on those that are most likely to simplify the 
supersymmetry transformation rules within the resulting gauge-quotient representative. 
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A Gauge-Choice: One such gauge-choice, 



A = T 3 3 , L° = -Y 33 , L 1 = +y 32 , L 2 
and the particular accompanying field redefinitions 3 



-y 3 i and L 3 = +y 



21 



(19) 
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:= T 2 2 -T 3 3 , 
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(20c) 
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(20d) 



jointly lead to 
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(21) 
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which permits no further simplification: row-operations in the left-hand half of the table (21) 
imply field substitutions in the right-hand half. For example, adding the ¥ 3 1 -row to the ¥i 3 -row 



so as to cancel out the iy 3 entry in Qx^x 3 ) would force a field redefinition 



¥ x 3 1— >■ Ti J 



(¥ 1 3 -¥ 3 1 ; 



and so then ¥ 1 3 ^T 1 3 + ¥ 3 1 , 



(22) 



which then must be substituted throughout the right-hand half of table (21). While this eliminates 
the one binomial entry in Qx(¥x 3 ) as well as the one in Q\{¥i 2 ), it creates binomial entries for 
Q 2 (¥i 3 ) and Q 3 (¥i 3 ), as well as in Q 2 (¥n) and Q 3 (yi). The net effect then is a basis of component 
fields for which system of (^-transformations in Yj/(zD/X) is more rather than less complicated. 
In this, practical sense is the component field basis 

Y 7 /(zD x X) : { ¥ u , ¥ 22 , ¥ 12 , ¥ 13 , ¥ 23 | ¥ 1 1 , ¥ 2 2 , ¥x 2 , ¥ 2 \ ¥x 3 , ¥ 3 \ ¥ 2 3 , ¥ 3 2 | y 1} y 2 , y 3 } (23) 

an optimal choice. 

The result (21) is depicted in figure 3, akin to an Adinkra. This depiction contains a novel 
graphic element as compared to the by now standard Adinkra elements in table 1: tapering edges. 
These reflect the "one-way" nature of the depicted Q-action, where for example Qi(¥i 2 ) D IF3 1 , 
but Qi(¥ 3 1 ) 7$ ¥i 2 . This type of "one-way" (partial) Q-action, shown in (21) using pale blue ink, 
was noted in unrelated studies only in rather more complicated supermultiplets [23,24] . 



! Field redefinitions are restricted by the engineering dimensions (45) and locality. 
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Figure 3: An Adinkra-like depiction of the gauge-quotient supermultiplet Y//(iD/X) 



Other Gauge-Choices: The continuous palette of gauge-choices (18) parametrizes a continuous 
family of component field bases, and the optimizing experimentations (19)-(23) leading to the 
graph in figure 3 clearly reaffirm that some basis choices are much more optimal than others. 

Fortunately a similarly detailed exploration of the continuously many remaining gauge- 
choices (18) turns out to be unnecessary in addressing the two main questions: 

1. Is there a gauge-choice that splits Y//(iD/X) into a direct sum of two Adinkras (10)? 

2. Is there a gauge-choice wherein Y 7 /(iD/X) = (4|4|0) 3) (1|4|3), i.e., wherein Y 7 /(zD/X) ex- 
hibits the structure of a (4|4|0)- and a (l|4|3)-component Adinkra connected by one-way 
Q-action indicated by the under-arrow in " 3) "? 

To this end, it actually suffices to explore Qityj). For example, 




L - - - * j 




(24) 



is obtained by employing the gauge-choice A = T 3 3 , (L° , L 1 , 1? , L 3 ) = (-Y 22 , -Y 23 , -Y 31 , -Y 12 ), 
where T fc J and 34 redefine these component fields so as to minimize the number of edges in (24). 
The edges are all drawn tapering to indicate that the "reverse" supersymmetry transformations 
from Qi(T j K ) are not shown — nor do they need to be computed. The partial graph (24) already 
shows that Yj / (iD/X) in this gauge-choice cannot separate so as to permit a direct sum decom- 
position for question 1. Answering question 2 in turn, four of the fermions should have been 
omitted in the results of Qi{y.j) for a (4|4|0)6|(1|4|3) structure, but not one is so omitted. 

There remains the logical possibility of gauge-choices wherein the otherwise proper (4|4|0)- 
and (l|4|3)-node Adinkras are connected only by one-way transformations. This could include 
cases where the one-way Q-action is directed only downward, or maybe in both directions, just 
not in the 34 — > Tj J direction checked by (24). To eliminate these as well as the cases in which 
the otherwise proper (3|4|1)- and (2|4|2)-node Adinkras are connected differently than in (3), 
symbolically denoted 



(4|4|0)fe(l|4|3), (4|4|0)§(1|4|3) 



(3|4|l)fe(2|4|2), (3|4|1)|(2|4|2), 



(25) 



one must additionally also compute the Qi(Y JK ) transformations and perhaps a few of the 
Qi(Tj k ) transformations. This analysis is still simpler than computing the transformations de- 
pending on the numerous and continuous i'-coefficients from (18), and reaffirms the conclusion 
that the gauge-quotient Y//(iD/X) does not decompose, and does includes one-way Q-action in 
all gauge-choices. 

3 An Indefinite Sequence of Representations 

All by itself, the particular example (13)-(23) may be thought of as fairly unremarkable, and es- 
pecially so from the point of view of any possible immediate physics application: (1) The number 
(N = 3) of worldline supersymmetries does not relate to supersymmetry in higher-dimensional 
spacetimes other than some worldsheet models [25,26] , and in particular cannot be extended 
to the most interesting physics applications, in 1+3-dimensional (or larger) spacetime. (2) The 
gauge-equivalence class Yj / (z'D/X) itself does not, to the best of our knowledge, appear in any of 
the known physics models. 

Nevertheless, the particular example (13)-(23) turns out to be the simplest in an indefinite 
sequence of such ever larger gauge-equivalence quotients, and exhibits the properties discussed 
above, which we now argue are completely generic for N > 3. 

To this end, we must recall a completely general construction proposed in Ref. [2] , and aided 
by a concept precisely defined in appendix B of Ref. [7] : 

Definition 3.1 A strict homomorphism of off-shell supermultiplets is a supersymmetry- 
preserving linear map /i : Mi — > M 2 , such that the quotient M 2 / fi(M.i) = cok(/x) is 
also an off-shell supermultiplet. 

The gauge-equivalence (13) indeed defines an off-shell supermultiplet, and has been obtained as 
the quotient of the supermultiplet Yj given in (11) and depicted in figure 1, by (the imbedding 
of) the supermultiplet Lj := (iD/X) given in (12) and depicted in figure 2. In this precise sense, 
we identify 




(26) 



Reflecting the several steps in the procedure (14)-(21), level by level and starting from the lowest 
one, the (3|4|1) nodes in the Adinkra to the right of the "/" are used to gauge away 3, then 4 and 
finally one node from the direct sum of three (l|3|3|l)-Adinkras within the parentheses. The result 
on the right-hand side of the equality then clearly has no node in the bottom level, and has its 
(5|8|3) nodes start at the next-to-lowest level. 

Iterations: The foregoing suggest how to continue the iteration: the next step is depicted as 




(27) 
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the result of which will again have no node at the bottom level, and will have its (7|12|5) nodes 
starting at the next-to-lowest level. The classification of Refs. [5,6,7,1] proves that this cannot 
be an Adinkra of iV = 3 worldline supersymmetry: it has more than 2 3 = 8 nodes. Given the 
computations (14)-(21), it is evident in turn that this next order gauge-quotient supermultiplet 
will again be depictable as a connected network of now three otherwise proper N = 3 Adinkras — 
much as Y//(zD/X) is a connected network of two otherwise proper N = 3 Adinkras. 

This newly-minted (7|12|5)-component supermultiplet is then used to gauge away 7+12+5 
component fields from the direct sum of seven (l|3|3|l)-component supermultiplets leaving be- 
hind a (0|9|16|7)-component gauge-quotient supermultiplet depictable as a connected network of 
five otherwise proper N = 3 Adinkras, and so on and so forth. 

This iteration precisely matches the exact 4 semi-infinite sequence (8.28) in Ref. [2] : 




(0|5|8|3) = (21) 

(3)7 ^ 

— ►(5|15|15|5) 



(0|3|4|1) = (12) 



— ► etc. 




etc. 



(28) 



where 'V represents the single constant ("zero-mode") annihilated by the D/-map, and the con- 
secutive application of every two D-maps vanishes: Dj 3)/ o Df } = 0, 3 o Dj 3)/ = 0, and so on; 
see Ref. [2] for details. Substituting the Adinkras and the Adinkra-like diagram from figure 3, 
this is: 

\ = figure 3 




etc. 



(29) 



Herein, all maps are supersymmetry-preserving strict homomorphisms of off-shell supermulti- 
plets, so that the Q-action in their domain is properly mapped to the Q-action in their target. 
Also, the quotient (27) fits as the target of the J , the system of linear superderivative opera- 
tors that has been precisely identified in Ref. [2] . 

Furthermore, the double-barbed arrows ("-»") all denote surjections, which map to every 
nonzero element in their target some nonzero element from their domain; the hook-arrows 0'^+') 
all denote injections, which map every nonzero element of their domain to some nonzero element 
in their target. In fact, the latter maps are all supersymmetry-preserving inclusions, which are all 
defined akin to the procedure that resulted in table 2: 



1 See appendix B for a brief discussion and definition of exactness. 
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Construction 3.1 Given two supermultiplets represented by their superfield systems M 1 and 
M 2 , the cokernel of the supersymmetry-preserving map Mi A M 2 is constructed by mapping 
the like components, obtained by projecting like superderivatives to 6 1 — > 



[D (/l • • • D /p] ] (M 2 + //(Mi)) | = [D [h ■ ■ ■ D Ip] ]M 2 \ + [D [h ■ ■ • D /p] ]/x(M 1 )|, p = • • • N, (30) 



and using component fields of //(Mi) to gauge away linear combinations of component fields 
of M 2 and is identified with the "gauge-quotient," 'M 2 / //(Mi). In turn, the kernel of '// consists 
of elements of M x that are annihilated by the mapping Mi A M 2 . 

For the case (26), M 2 = {Yi, Y 2 , Y 3 }, Mi = X and // = z'Dj; notice that {Q I} //} = 0. 

The Reader familiar with the 4-dimensional supersymmetry literature will recognize that this 
provides a formal generalization of the two well-known cases of: 

1. The "chiral superfield" $ is an example of the fcerneZ-construction. The superderivative D„ 
maps and intact superfield to a spin-doublet of fermionic superfields: E A := (D^E), 
and the chiral superfield is defined as the sub-supermultiplet of an intact superfield which 
is annihilated in this mapping, $ c E : Di$ = 0. 

2. The "vector superfield" in the Wess-Zumino gauge is a representative of the cokernel-con- 
struction. It is defined to consist of those components of the Hermitian superfield V = V" 1 " 
that remain after setting V ~ V + i(A — A" 1 "), where D^A = 0, and using components of 
i(A — A" 1 ") to gauge away (cancel, eliminate) components of V. 

The fact that all maps in the zig-zag sequences (28)-(29) are constructed using only simple 
inclusions (30) and superderivative operators guarantees that they preserve the Q-action since 
{Qi, Dj} = 0. By construction, the (increasing numbers of) intact supermultiplets inserted in the 
middle of these sequences are all off-shell. These two facts guarantee that the supermultiplets 
obtained in the peaks and valleys of these zig-zag sequences are also all off-shell. 

Reduction: The one-way connectivity in the Adinkra-like graphical rendition in figure 3 implies 
that the supermultiplet Yj/(iD/X) can be reduced to a smaller supermultiplet, although it does 
not decompose into a direct sum of supermultiplets. (By contrast, if a unitary finite-dimensional 
representation of a classic Lie algebra reduces, it necessarily decomposes into a direct sum.) 

Consider setting any one of the component fields in figure 3 to zero, say F 13 — >■ 0. Since 
Qi(¥i3) = — ¥i 2 and QiC^i 2 ) = — ¥ 13 , the consistency of the Q-action implies that we must also 
set ¥i 2 — > 0. Proceeding in this way, it is clear that we can set to zero only a complete Q-orbit, 
i.e., all component fields that can be reached one from another by Q-action. 

For example, consider constraining all the left-hand side component fields in figure 3 to zero 
but not the right-hand side ones. Such a constraint is not compatible with the Q-action since, for 
example: 



Qi{¥ 12 )= ¥ x 3 




¥ 3 



Qi(0)^0. 



(31) 
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In turn, since supersymmetry does close on the right-hand half of the component fields in figure 3, 
it is consistent to constrain 

k: ¥ 22 = ¥ 23 = = y 2 = y 3 , ¥ 2 X = ¥ 2 2 = ¥ 2 3 = ¥ 3 X = 0, (32) 

in the (2|4|2)-component right-hand half of the quotient as depicted in figure 3. The Q-action of 
the (3|4|l)-component left-hand half then remains a complete supermultiplet, whereby Y//(iD/X) 
has indeed been reduced (by constraining) to this smaller supermultiplet. 

The asymmetry in the supermultiplet (21) — the fact that the component fields (32) can be 
constrained to zero consistently and independently whereas the complementary left-hand half of 
the component fields in figure 3 cannot — clearly stems from the fact that all Q-action across the 
partition in figure 3 is only one-way and only left-to-right. It is a general fact that if C is the 
extension of the algebraic structure B by A, so A <— > C -» B, then C = A © B if and only if the 
surjection C -» B has an inverse and A <— > C <-^> B, whereby both A and B are proper algebraic 
sub-structures of C. The fact that the left-hand half of the supermultiplet in figure 3 is not a 
proper sub-supermultiplet (21) then implies that the supermultiplet (21) is not so decomposable. 

In fact, the constraint (32) then provides an inclusion of the (3|4|l)-component sub-super- 
multiplet in the (5|8|3)-component gauge-quotient (26), and defines 




(33) 



which also proves that [Y//(iD/X)]/A = B: 




(34) 



so that the supermultiplet (21) may itself be both constrained (32) so as to reduce to a sub- 
supermultiplet shown at the far left of (33), as well as further gauge-quotiented (34). One says 
that the (5|8|3)-component supermultiplet (21) is an extension of the (2|4|2)-component Adinkra 
supermultiplet B by the (3|4|l)-component Adinkra supermultiplet A. (Having spelled out the 
details of such a quotient above (11)-(21), the Adinkra display (34) should suffice here.) 

Main result: Whereas we have in the foregoing analyzed in detail only the particular gauge- 
quotient (26), the zig-zag sequence (29) makes it clear that this is but the first non-Adinkra 
supermultiplet appearing in this sequence. It is fairly evident that in fact all supermultiplets sub- 
sequently constructed in this sequence (and that appear in the zig-zag peaks and valleys) are not 
proper Adinkras and so are not limited by the classification theorems of Refs. [4,6,7,1] . Further- 
more, whereas Ref. [2] explicitly shows that in the analogous sequence for A^ = 2 all supermulti- 
plets are Adinkras, it is clear that the supermultiplets constructed by the analogous sequences for 
all > 2 will not be Adinkras, just as the one in figure 3 is not. We thus conclude: 
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Theorem 3.1 (Main Result) The semi-infinite sequence of direct sums of an indefinitely grow- 
ing number of intact supermultiplets (Adinkras E k ), such as the horizontal sequence in (29), 
may be resolved into a zig-zag sequence as shown in (29). This zigzag sequence then con- 
structs the supermultiplets that appear in the zig-zag peaks and valleys, i.e., the end-points 
in the "A k (B k E k -» M k "-form three-part segments, so-called "short exact sequences," and 
where the maps jj k are defined as in construction 3.1. 

More explicitly, this defines a sequence of supermultiplets: 

A k := {® k E k : fi k (® k E k ) = 0} and M k := { © fc E fe ~ ® k E k + fi k (® k E k ) } (35) 

1. indefinite in number (k = 1, 3, 5, . . . ), 

2. indefinitely growing in size ( = number of component fields, i.e., nodes), 

3. depictable as connected networks of Adinkras. 

Alternatively, this says that direct sums of intact Adinkras may be reduced to supermultiplets that 
are depicted by connected networks of Adinkras that do not themselves decompose into a direct 
sum of Adinkras. This is very much unlike the situation in the representation theory of classic Lie 
algebras, where direct sums of irreducible representations do not reduce in any other way. 

4 Conclusions 

Adinkras depict supermultiplets of A^-extended worldline supersymmetry without central charges 
and are restricted to have the (chromo-) topology of A^-cubes or their fc-fold quotients by certain 
Z 2 -reflections [1] . In particular, this means that all such supermultiplets have 2 N ~ k component 
fields: one half bosons, the other half fermions. Herein, we have shown that direct sums of 
intact Adinkras (figure 1) may be reduced by means of gauging away another Adinkra (figure 2), 
producing supermultiplets (figure 3) that: 

1. do not decompose into a direct sum of Adinkras; 

2. are themselves not depictable by a proper Adinkra [1] , see also Refs. [3,2,4,5,6,7,8,9] ; 

3. are not limited in size: see (27), the sequence (29), and theorem 3.1; 

4. are depicted as connected networks of otherwise proper Adinkras (33). 

While we have examined in detail the construction that starts with directs sums of a growing 
number of intact Adinkras, it is clear that the construction is straightforward to generalize so as 
to use all other types of Adinkras instead of the intact ones. The precise conditions under which 
this can be done are however beyond our present scope. 

In the constructions leading to theorem 3.1 and in the developing a comprehensive off-shell 
representation theory of supersymmetry, Adinkras play the role somewhat akin to the role that 
single boxes within Young tableaux play in depicting the fundamental representation in Lie al- 
gebras; see table 3. Just as single boxes are put together according to specific rules and result 
in Young tableaux that depict irreducible representations of classic Lie algebras, Adinkras can 
be connected by additional one-way edges (depicting one-way Q-action) into networks that de- 
pict indecomposable representations of the A^-extended supersymmetry algebra on the worldline. 
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Lie algebra irrreps Off-shell supermultiplets 

(Weyl construction) 



Starting object(s) 
and their depiction 



fundamental irrep ( □ ) Adinkras (p<X & X4 & • • • ) 



Combining operator 



<8> 



Reduction methods 



Young symmetrization, 
traces w/inv. tensors 



Construction 3.1: ker(/i) and 
cok(/i) of supersymmetric maps 



Resulting objects 
and their depiction 



arbitrarily large irreps, 
& their Young tableaux 
(1 -quadrant graphs) 



networks of otherwise proper 
Adinkras, connected by 
one-way Q-action edges 



Table 3: The conceptual relation between boxes and Young tableaux depicting irreducible represen- 
tations of classic Lie algebras, vs. Adinkras and their connected networks used herein to depict inde- 
composable off-sell representations of iV-extended worldline supersymmetry without central charges. 



While figure 3 provides but the simplest such example, the sequence (29) provides an indefinite 
sequence of ever larger such examples. 

As shown in (32)-(34), the supermultiplet depicted in figure 3 does reduce: one "half" of it 
may be isolated by constraining (32), the other "half" by gauging (34), but the supermultiplet 
cannot be decomposed into a direct sum of two independent supermultiplets. We expect such 
reductions in larger supermultiplets of this kind, such as (27), to also be possible, but be more 
and more complicated. 

Finally, on dimensional grounds, a Lagrangian for the supermultiplet depicted in figure 3 and 
using the basis (23) may be written in the form 

L = A ke ' IJ ¥ kI Y u + A ki ' J ¥ kI y e + Afj ¥ fc J ¥/ + A kl y k y t 

+ B ki > IJ ¥ kI ¥ u + B k V ¥ kI y t + Bfj ¥ fc J ¥/ + C H > IJ ¥ kI ¥ u + D k y k . 

The A,- B- and C-coefficients are determined by requiring that e I Qi(L) = ^Ki, where Kj are 
some functional expressions of the component fields (23). Their concrete choice and interpre- 
tation in any particular model is however outside our present scope. In turn, the D-coefficients 
remain arbitrary since Qi(y k ) are all total r-derivatives; see (21). 



A Three Supermultiplets 

The Bosonic Intact Supermultiplet: The component fields of this (l|3)-superfield, X, are defined by 
means of superderivative projections [18,22] 

x:=X|, fj:=iDjX|, (37a) 

X 1 := J^DfjD^Xl, S := -±e IJK D^DjDjqXI, (37b) 

where '|' indicates projection to the (bosonic) worldline subspace of the (l|3)-superspace, i.e., set- 
ting the (fermionic) superspace coordinates 8 1 to zero and the numerical coefficients are chosen 
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for later convenience. A bosonic intact supermultiplet thus consists of the component fields 

X=(x\Z 1 ,&,Z 3 \X 1 ,X 2 ,X 3 \Z) (38) 

and we refer to it as (l|3|3|l)-dimensional representation of the worldline 3-supersymmetry. The 
indicated basis of component fields is graded by their relative engineering dimension 

[&] = [*] + !, [*'] = [&] + ! = N + i, \p\ = [x I ] + l = [ti\ + i = [*] + h (39) 

Using (4), we compute: 

Q I (x)=iB I (X)\ =£/, (40a) 

Qj(ij) = -iDj(iDjX)\ = [iSjjdr + D [7 D J] ]X| = i5ux - ie UK X K , (40b) 

Q,(X J ) = tDj(^e JKL D [K D L] X) \ = -e JKL [i8 I[K D L] d T + \D {I D K D L p\ = £j JK i K + 5 T J E, (40c) 

Qj(E) = -iDiC-ie^DjDjcDiX)! = ^ JKL [0 + 3i5 I{J D K D L] d T ]X\ = ^ 7J X J , (40d) 
and summarize this in tabular form: 



X 


6 


6 




X 1 


X 2 


X 3 




Qi- 






-zX 3 


*X 2 






-6 


iX 1 




6 


*X 3 




-zX 1 








zX 2 


Q 3 : 


6 


-*X 2 


iX 1 




6 


-6 




zX 3 



(41) 



This makes it evident that in X, each ^/-transformation of each of the component fields consists 
of a constant multiple of precisely one other component superfield or its <9 T -derivative and so can 
be depicted by the Adinkra [2] : 




where the dashed edges encode the negative signs in (41), and the nodes are drawn at heights 
proportional to the engineering dimension (39) of the component fields that they depict. 



The Fermionic Intact Supermultiplet: The component fields of the k th of such (l|3)-superfields, Y k , 
are defined by the superderivative projections [18,22] : 

Vk-=^k\, Y kJ := -DjY k \, (43a) 

T fe 7 := -J^D^Yfcl, y k := ^e JKL D[j-D K D L] Y k \. (43b) 

A fermionic intact supermultiplet thus consists of the component fields 

Y fc = ( Vk | Y kl , Y k2 , Y k3 | T fc \ T fc 2 , T fc 3 | y k ), (44) 
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where 

[YkA 



[Vk 



l 

2 ' 



[V] 



[ifcj] + | = M + 1, [y*] = [V] + | = [Y kJ ] + 1 = [ % ] + §. (45) 



For the components (37) of the intact (l|3)-supermultiplet we compute: 

Qj(r] k ) = -iDj(Y fc )| = z(-DjY fc )| = iY kJ} 
Qj(Y kK ) = iDj(-DjfYjfc)| = -i[i5 JK d T + D[jD^]]Y fc | = 5 JK f) k + T k L s JKL , 



-tej KL Y kL + i5 K J y i 

.KLM 



k) 
k j 



.KLM r 



l8 I[L D M] d T + \D {I D L D M] ]Y k \ 



Qj(y k ) = tBj(^e KLM D K D L D M Y k )\ = - 
which are summarized in a tabular manner: 



■|e™[0 + 3i5 J[K D L D M] d T ]Y k \ = 5 JK T 



K 



(46a) 
(46b) 

(46c) 
(46d) 



Vk 


Y kl 


Y k2 


Y k3 




Tfc 2 


Tfc 3 


y k 


Qi: 


iY k i 


Vk 


T k 3 


-T fc 2 




-iY k3 


iY k2 


tfc 1 




iY k2 


-T fe 3 


Vk 




iY k3 


Wk 


-iY k i 


tfc 2 


Q 3 : 


iY k3 


T k 2 


-T, 1 


Vk 


-iY k2 


iYkx 




tfc 3 



(47) 



and so may be depicted by the Adinkra: 

l¥k 




or simply 




(48) 



Notice that the fermionic intact Adinkra (54) equals the bosonic intact Adinkra (42), drawn how- 
ever upside-down. Equivalently one can obtain (54) by re-drawing (42) with the statistics/color 
of the nodes flipped (white -h- black) and flipping the sign of the upper half of the nodes. 

A superderivative superfield: Given the original component field definitions (37), we easily com- 
pute the component field expressions of the superdifferential "gradient" (iDjX) : 



{iDiX)\ = £ Ii 

zD J (zD / X)| = -[i5 u d T - D [/ Dj ] ]X| = -i5 LJ x - %e 1JK X K , 
iD^Dj^iD/X)! = - [2iD [J 6 K \id T + D lJ DjD Ki ]X\ = 25 I{J £ K] + e IJK \ 
DtjDjrD^zD/X)! = i[3iD {J D K 5 L]I d T ]X\ = e JKL 5 IM X M . 



(49a) 
(49b) 
(49c) 
(49d) 



Notice that £/ occurs at lowest level (49a), and that only the r-derivative of x occurs and at the 
second level (49b). We have thus defined a supermultiplet 



Lj = (A/ | L°,L\L 2 ,L 3 | A), 
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(50) 



for which the identification Lj = (iDjX) induces the component-level identifications 



A/ = 


(«D 7 X)| 


L° = 


§5 /J (zDj(iD,jX)) 


L 7 = 


±e IJK (iDj(iD K H 


A = 


^e IJK (iDiDj{iD 



2! fc 
1 UK, 
3! fc ^ 



(51a) 

x, (51b) 

(iDjD K X)\ =X 7 , (51c) 
-D.DjD^X)! =E. (51d) 

Owing to the relation Lj = (zDjX), the supermultiplet satisfies the superderivative constraints: 

DiLi = D 2 L 2 = D 3 L 3 , and DjLj = -DjLj, J ^ J. (52) 

In turn, the superderivative constraints (52) maybe solved by setting Lj = (zD/X). 

This relationship allows reading off the supersymmetry transformation rules for Lj from 
those for the bosonic intact supermultiplet (40). In tabular form, akin to Table (41), these are: 





M 


A 2 


A3 


L° 


L 1 


L 2 


L 3 


A 


Qf. 


iL° 


-1L 3 


1L 2 


Ai 


A 


A3 


-A 2 


1L 1 


Q-2- 


1L 3 


iL° 


-1L 1 


A 2 


-A 3 


A 


Ai 


1L 2 


Q3: 


-1L 2 


1L 1 


iL° 


A3 


A 2 


-Ax 


A 


1L 3 



(53) 



and are depicted by the Adinkra 




or simply 




(54) 



B Supersymmetric Mapping 

The relation Lj = («DjX) in fact provides a mapping from the bosonic intact supermultiplet X to 
the constrained (52) supermultiplet triple (L 1 ,L 2 ,L 3 ): 

iD, 



X 



(52)- 



(55) 



The identifications (51) make this mapping explicit at the level of component fields and show 
that this mapping is almost 1-1 : all the component fields are identified exactly, except for L° = x, 
which omits the constant mode in any power-expansion of x = x(t). Therefore, 

iD 7 



ker (X-^L/) =x(0), 
and the sequence of maps (with t denoting the simple identification map) 



x(0) A X Lj 



or 



x(0) 



X Lj, 



(56) 



(57) 



is said to be exact: the kernel of every map is the image of the preceding map. Indeed, the map l 
identifies x(0) with the constant mode in a power expansion of x{t). Then, 
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1. image (0 ->■ x(O)) = = ker(t); 

2. image (a; (0) A X) = x(0) = ker(iDj). 

In particular, zD/ o t = 0. Equally importantly, the maps (anti) commute with the supersymmetry 
generators, [Qi,l] = = {Qi,iDj}, and so are supersymmetry-preserving. One then says that the 
whole sequence of maps (57) is supersymmetry-equivariant. It is this exactness of the sequence of 
supersymmetry-preserving maps and the fact that the maps satisfy the definition 3.1 that permits 
defining the off-shell supermultiplet Lj in terms of the off-shell supermultiplet X. 

This same exactness of the sequence of supersymmetry-preserving and definition 3.1 -abiding 
maps also holds throughout the semi-indefinite zig-zag sequence (28)-(29). This guarantees that 
the indefinitely many supermultiplets defined in its peaks and valleys of (28)-(29) are all proper 
off-shell supermultiplets because those in the horizontal sequence (the direct sums of increasingly 
more intact supermultiplets) are. 
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